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Abstract

Building on a previous derivation of the local chiral projector for a two-
dimensional superspace with eight real supercharges, we provide the complete
density projection formula required for locally supersymmetrical theories in
this context. The derivation of this result is shown to be very efficient
using techniques based on the ectoplasmic construction of local measures in
superspace.

PACS numbers: 04.65.+e, 11.30.Pb

1. Introduction

Some years ago, a formulation of a 2D supergravity theory which included off-shell closure
of the local supersymmetry algebra with four real spinorial supercharges and a necessary
set of auxiliary fields was introduced into the literature [1]. In a subsequent development,
a proposal was made (called 'ectoplasm’ [2]) for a conceptual framework leading to efficient
derivations of local superspace integration measures (density projection operators)'. In
addition, at about the same time there was put forward an alternative general framework
for the derivation of density projection operators based on the use of superspace normal
coordinate expansions first introduced in [6] and rediscovered? in [7]; see [15] for recent
reformulations and improvements of the normal coordinates techniques. The ectoplasm and
normal coordinates frameworks have been found to be closely related [16, 17].

Prior to the introduction of the ectoplasmic and normal coordinate approaches, the question
of how to construct local superspace supergravity densities had been approached by two other
and more cumbersome methods. Both of these can be seen in two books on the subject. In

' A mathematical construction giving the formal bases for the ectoplasm methods can be found in the theory of
integration over surfaces in supermanifolds developed in [3-5].

2 Previous approaches for component reduction, ultimately related to normal coordinates expansions, can be found
in [8-14].
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the first, Superspace [18], an approach was taken to reproduce, at the level of superfields, a
Noether approach thus leading to the density projector. In the second Ideas [19], an approach
was taken to utilize the prepotential formulation of supergravity theory to derive the density
projector.

It has been argued from its inception that the ectoplasmic concept is not only extremely
efficient but also likely to apply to even more complicated theories such as string theory.
Though there was no such evidence at the time of the introduction of the ectoplasm approach,
later it was shown that integration measures in the ‘pure spinor formulation” of superstrings
follow precisely from the extension of the ectoplasmic concept to this realm of theories [20].

The off-shell formulation of a 2D, N/ = 4 supergravity theory implies the existence
of a straightforward way to completely develop an efficient local integration theory for the
associated local Salam—Strathdee superspace. We will complete such a construction in the
current work by use of the ectoplasmic suggestion.

This paper is organized as follows. In section 2 we review the 2D, A/ = 4 supergravity
formulation of [1]. Section 3 is devoted to the presentation of a new super two-form multiplet.
In section 4 we make use of the ectoplasmic approach to build the density projector for the
2D, N = 4 supergravity of [1]; this is the main result of the paper. Section 5 collects some
conclusions. The paper includes two appendices. Appendix A contains the derivation of the
result of section 3. Then, appendix B is a collection of formulas used in the paper.

2. An off-shell 2D supergravity geometry with eight real local supersymmetries

In this section we review some aspects of the off-shell 2D, N’ = 4 minimal supergravity
multiplet first introduced in [1]. We focus on the curved superspace geometry underlining the
minimal supergravity that will be used in the computations of this paper.

The work in [1] showed there exists component fields (e,”, ¥.%, A4/, B, G, H) which
describe an off-shell 2D supergravity theory possessing eight real local (or four real spinorial)
supercharges. The previous list of component fields contains the graviton, the gravitini,
SU(2) connection, a complex scalar B, one real scalar G and one real pseudoscalar H. These
are the components associated with the following constraints on the 2D, N' = 4 superspace
supergravity covariant derivative algebra’:

{Vais Vgj} = 2BICosCiiM — (y¥)apVij], (1)
Vo', Vi) = 2B[CapCT M — (y*)ap V"1, 2)
{Vai, V' } = 2187 (¥ Vap Ve + 287 o’ (V)M — 200 Vi, 3)

i i - _ , _ ,

[Vai, V] = 5¢ay<yb>yﬂvﬂi + 5(y3yb)aﬂ3cmvﬁf — 1Y) EPM +i(yp)as EP ;017
4)

7 i i SR ij : i : j )i
V', V)] = —EW(myﬁvﬁ' + 5<y3yh)aﬁBc”vm — i) TP M = i(y)ap =PV,
Q)
[Va, Vol = =26l (¥’ 2V + (1) TV + RM +1F,7 Y], (6)

3 In the present paper we adopt the Lorentz and SU(2) notations collected in appendix A of [21] and consistent with
the conventions of [18].
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where
(B)* = B, (G)* =G, (H)*=H, ()" = Zai, )
bup = CapG +i(y)apH, (8)
Pap = (Pap)* = —CapG +i(y )apH = Ppa. 9)

In writing these, we have corrected some coefficients that appear in the work of [21] in the
terms that appear in (3)—(5). These corrected coefficients do not affect (1) and (2). Thus, the
result in the work of [21] is unaffected by this change.

In the previous algebra, the covariant derivatives are V4 = (Va, Vais ﬁj)

VA = EAMaM +wA./\/l+iFAkly1k. (10)

The 2D, N' = 4 curved superspace is locally parametrized by the coordinates z¥ =
(x™, 0", @*;) with the Grassmann variables 6%/ and #*; related by complex conjugation
0*; = (0*)*; the bosonic coordinates will be also denoted as x™ = (z, o). In (10), Ex¥
is the inverse of the vielbein Ey* (Ey*Es" = 83, EAMEy® = §5) with 0y = 0/9z,
w4 the 2D Lorentz connection and " 44 is the SU(2) connection. The torsion T4 5€, Lorentz
curvature R4 and SU(2) curvature R ;' superfields are defined by (1)—(6) and

[Va, Vgl = Tag Ve + RapM +iRapi' V. (11)

The action of the local 2D Lorentz generator M and of the local SU(2) generator Y on the
spinor covariant derivatives are the following (Viy = Vi”Cp1):

M, Vail = 3(r)a’ Vi, M. V'] = 37"V, (12)
Vi, Vail = 3Ciw V), [V, Vo' ] = —%5@(731)- (13)

It is worthy to recall that the consistency of the Bianchi identities constructed from the
commutator algebra above requires the conditions [1]:

V.'B =0, VaiB = —2Ci;j(y)ap T, (14)
VaiG = T, Vo H =i(y*)a” Tpi. (15)
Vo' 2P =iC" (v V4B, (16)
Voi 2P = 18,P8/[R — 2G* —2H* — 2BB] +i(y ) Fi/ (17)

+18:7 (v’ (VaG) = 87/ (v y o (Vu H). (18)

The component gauge fields occur in the above supertensors in the following manner*:

RI = e (Rap(@) + 21 va)ap s T’ +hic.]
+40a” (Y )ypVa® Wy i — 2[Cij B Ype’ +hoc.]},
24 = e Y™ (V) — W " (v, +iCT BY P () )
Fil = e (Fup(A)? = 2i0)ap[Wn T i + 0 = — 18] (1™ T + 7,5 27
— 4ap [V TP — 18] v, P
— 2 [B(Cr ™ W™ — 187 Cura ™y,
+B(C/Y 0, P — %SZC“%"%W’I)]}, (19)

4 Given a superfield W(z, 0, 6, ), we denote as usual with W| := W|g_q the field obtained by setting to zero all the
Grassmanian coordinates.
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where %? R, (&) is the usual two-dimensional curvature in terms of the inverse of the vielbein
e, and of the Lorentz connection &,; £*vr,,P" is the gravitini field strength; £ F,;,(A) is
the SU(2) field strength function of e,” and of the SU(2) connection A, « [1]. The component
gauge fields e,”, &,, Al are easily related to the gauge superfields E4™, w,, 4l in (10)
by using standard Wess—Zumino gauge reduction techniques [18, 19].

3. Defining a closed 2D, A = 4 super two-form

In this section we are going to present a new closed 2D, A/ = 4 super two-form defined in
terms of an unconstrained scalar chiral superfield. The result contained in theorem 1 is crucial
to build the measure of the local superspace integration theory for 2D, A/ = 4 supergravity
theories as we will see in section 4.

The work in [21] established that the fourth-order spinorial derivatives operator D,
defined by

5(4) — [g(Z)aﬁ _ 28(')/3)003]6(2)

@, (20)

is the chiral projection operator satisfying

VI DWW =V [V — 2B(y3)“/’ﬁﬁ3\p =0 (21)
for any general scalar superfield W. We note that the derivation of (20) and (21) given in [21]
follows solely from algebraic manipulations of the derivatives that appear in (2).

In a later section we will exploit the fact that a closed 2D, NV = 4 super two-form is
sufficient to determine the local integration measure for an appropriate curved superspace.
For this purpose it is necessary to define the components of a 2D, A/ = 4 super two-form. The
general framework for the construction of such forms was presented some time ago [22] which
implies for the present consideration we should introduce a super two-form whose component
superfields may be written in the form Jag = (Juigj, Jaip’ s Jo' 87, Jykas Jy¥as Jav). We refer
the reader to [18, 22] for the notations we adopt in the use of super p-forms. In general, given
a super p-form €2, described by the component superfields €24,..4,, its exterior derivative

F = d2 has components Fjy,...4,,, given by 5
1 1
Fapentyy = —Via, Qagen,) — 5————Tia, 0 " QLpjagea - (22)
1 1 p! [A1REA; 1) 2((p — DY) [A14s] |A3 1)
The superform €2 is closed if Fjy,...4,,, = 0. We can now state a theorem.

Theorem 1. [f U is a chiral superfield, i.e. satisfies %U = 0, the components defined by
Juip! =0,
Joigj = 2()/3)01/36;_?)5 — CopCij ()/B)Vsﬁj,z,;)ﬁ,
Jo's’ = 20rap VU = CopCY (VU
Jyka = —%eab(yb)fﬁa”vgﬁ (23)
Bfa= —ésubw”)y“vapv@)kﬂv,

S = =g (VO =BGV + (V- 2809 5)T],

describe a closed 2D, N' = 4 super two-form with respect to the supergravity commutator
algebra in equations (1)—(6).

5 With [- - -) we denote the complete graded symmetrization of indices.
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The superfield U := (U)* is antichiral V,,;U = 0. In writing these results, we have introduced
second- and fourth-order spinorial derivative operators via the equations

V‘(xz‘g = %Cij[VaiVﬂj + VﬂiVaj], Vl(jz) = %Caﬂ [V(xivﬂj + V(xjvﬁi] s
VO = 1, [T,T, + 9, 9,0]. VO = Lo [7,19,0 + ¥,09,] (24)
V(4) — %V(Z)klvl(j)’ §(4) — %ﬁ@)klv](j).

The proof of the theorem involves using the above equations to show that the Bianchi
identities for this two-form vanish. This is relegated to an appendix. We next note that the
chiral superfield U above may be replaced using the result from (21) according to U = DWW L
(U = DYWL = (DWL)*) where the 2D, N = 4 superfield £, (£ := (£)*), is not subject to
any algebraic nor differential restrictions. Stated another way, this implies that an arbitrary
2D, N' = 4 superfield £ can be used to create a closed super two-form whose components
are defined by J4 p above. We conclude with a result that will be needed in the next section.
Defining the component vierbein E,,*| = ¢,,* (e,,,“ea" =34,,e," e’ = 83 ), and the gravitini
En| = —Yn® (Yo" = " ¥un®), Enf| = —Un? (Vaf = e ¥m?), by a general result
given in [2, 18] taking the limit as all Grassmann coordinates go to zero one obtains

8abJab| = 8ab~.7ah| + Zgab(waai Jotih| + Ipaa[\]aibD + 2Eab¢aai{”bﬂj-]aiﬁj|
+8abwaai wbﬁj']otiﬁj| + 8ab¢aailpbﬁj-]aiﬂj , (25)

where 7,;| describe an ordinary space closed two-form.

4. A 2D, N = 4 density projection operator

It remains for us to calculate the explicit form of the density projection operator (that we will
denote by A®) which is the main purpose of this work. As we are going to describe in this

section, by using A® and the chiral projector 5(4), we can build the integration measure of
component actions in 2D, N' = 4 minimal supergravity.

As noted by Siegel [17], the ‘secret’ of the ectoplasmic approach is to realize that the
integration theory of superspace can be totally cast into the language of closed super-forms.
Indeed it was argued in the work of [2] that the requirement that the topology of a superspace
be totally determined by the topology of its purely bosonic sub-manifold naturally provides a
reason for the appearance of super-forms in constructing integration measures of superspace.

In the work of [18], it was noted that the derivation of component results follows efficiently
from replacing the integration of fermionic coordinates by a process using first application of
the superspace covariant derivative followed by taking the limit as the Grassmann coordinates
are taken to zero. In the 2D, N = 4 case, this is described in the form of an equation

_ 1 _
/ d’o d*0 d*9E" £ — / dzaz e ' [AYDYL +hel] (26)

in terms of two differential operators, A® (the density projection operator) and D® (the
chiral projection operator) which may be expanded as

4

A@ — meﬂ.) (V) X - x (W), (27)
i=0
4

DY =3 au s - [(V) x -+ x (V)] 28)
i=0
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in terms of some field-dependent coefficients au—;) and bu—_;) and powers of the spinorial
superspace supergravity covariant derivatives V,; and V,'. In (26), we have the expressions
E-! = [Ber EAMT1 and e”! = [detea’"]il which are functions respectively of the
supervielbein and the component vielbein and d’c denotes the measure over the two-
dimensional bosonic space. A further consequence of (26)—(28) is that the superfield
Lagrangian £ need not be hermitian as it is the linear combination of terms that appear
in the action formula that must satisfy this requirement. In the present context these spinorial
superspace supergravity covariant derivatives satisfy the relations given in section 2.

The basis for the ectoplasmic derivations of local supergravity measures and projections
operators lies in a proposition for how to integrate an arbitrary super p-form. This was
proposed in the work of [2]. Given a curved superspace with Nz bosonic coordinates (labeled
by m indices) and Ny fermionic coordinates (labeled by ® indices), we have

Proposition 1. IfJ 4, .. A, Is a closed super p-form superfield whose Bianchi identities vanish
and dQ™ ™ is a co-chain of dimension p < Ng (where N is the dimensionality of the bosonic
subspace), then the integral of the super p-form over the co-chain is given by

S@RIT) = (p)! / agea g, (29)
and this is a supersymmetrical invariant.
In (29) we note that the quantity ja(lp )a | is related to the super p-form J 4 .4 via
(Jaya,|) = [T, 1 (Jayias a1 |) + 272 Via, V1) (Jayslag a1 ) -
+ AP [y, - wa " (Veey e, )] (30)
where ,% denotes the gravitino. The quantities ja | and coefficients A%P-D ... A(P:P) gre

determined by taking the limit as the Grassmann coordmates g0 10 zero in Jy,..q,. In the 2D,
N = 4 case with J,;, the component of a super two-form, equation (25) 1nforms us about the
A-coefficients.

We next observe that upon setting p = Np the proposition takes the form

1
SdQ|J) = /dNBx e—lN—B'gﬂl“‘%jijf) it (31)

where e~! denotes the determinant of the vielbein for the bosonic subspace. In the case
considered in this paper, we thus reach the result

1
SdQJ) = /dza e Ea‘”’jaf)

— /dZO_ e—l I:%gabJab| _ 8ab(waai m‘b‘ + l_haai]utibD _ 8abwaailpbﬁj~laiﬂj|

1 . . 1 - o
. Egabwaalwbﬂj‘]mﬁj _ EgabWaaiwbﬂjJalﬂj

]. (32)
More explicitly the equations in (23) are expressed as
Juig! =0,
Juigy = 207 V) [VOS — 2B VI
— CapCy () Vg [V — 2B VL,
Jo' g = 207)ap VAV —2B(H*IVE L
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—CapCT (P VIVO* 2B VL,
1 = =) « = p —
Tpka = =38 ("), Vi Vi [VO* 2B IVEL,

i — _
Jyka — _§8ub(yb)y5vapv(2)kp [V(Z)elc _ ZB(}/S)GK]VE?()E,

1 = - —
Jap = —gea[ VY = 2BGHIVGIIVOS - 2B VL

*) ap=2 « - « —
— 2BV, |IVO —2B(y ) IVE)L. (33)

_%Sab [V

Finally, the results in (33) can be substituted into equation (32) to reach the main

result of this presentation. Given an arbitrary 2D, A" = 4 superfield Lagrangian £, a local
supersymmetrical invariant is given by

S= / o e ' AYDD L] 4 hec.

L1 [ i, y
= /dZO_e 1{§V(4) _ ZB(y3) ﬂv;? + 3,(payi(y )yﬁvajvﬂ)j
- - 1 - _ .
= &MU j eV + P jcaﬂC'f(ﬁ)”v;?}

x [V« _2B(y)*IVPL| +h.c. (34)

in the presence of the off-shell supergravity theory described in section 2.

5. Conclusion

With this present work, we have completed the task of developing an efficient local superspace
integration theory for two-dimensional theories that possess eight real supercharges. We
believe that the result given in (34) is unexpectedly elegant and simple given that the general
form of the eighth-order spinorial differential operator defined by (26), (27) and (28) could,
in principle, take a more complicated form. Perhaps one of most surprising features of this
derivation has been the use of the closed 2D, N' = 4 super two-form used in theorem 1
The superfield U that appeared in equation (23) is not required to describe any irreducible
supermultiplet. The only requirement imposed on the superfield U is its chirality.

As proved in [21], the chiral superfield U can be expressed in terms of the chiral projector
D™ and an unconstrained superfield Las U = D™ L. This result has been used in sections 3
and 4. According to the discussion of section 4, the main result of this paper is the computation

of the density projector operator A® of (26), (27) and (34), which, together with 2_7(4), allows
to define the component supergravity integration measure (34). In deriving for the first time
A™ we used the ectoplasmic techniques and the new super two-form of theorem 1 (23).

One other point we wish to emphasize is the efficiency of the ectoplasmic approach in
the case we considered here. It would be interesting to re-derive the integration measure (34)
via the normal coordinate expansion technique [7, 15, 16] (in particular using its last version
[15]) even if we do not expect that the latter approach would require shorter computations.
This is especially true considering that in 2D the number of Bianchi identities to be solved
for a closed super two-form is relatively low. This emphasizes again the important role of
forms as a basis for superspace integration theory as advocated in the ectoplasmic approach.
The success of this also points to the generality of using this as a tool in all cases to derive
superspace local integration measures.
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Note also that here we focused on the 2D, N' = 4 minimal superspace geometry of [1]
as described in section 2. In general, it is known that there could exist different off-shell
superspace supergravities. We expect that the ectoplasm paradigm and the results of our
paper can be extended to any covariant superspace formulation of 2D, N' = 4 supergravity.
For example, in the first paper of [1] a variant central charge formulation of the minimal
multiplet was given; once noted that the Lagrangian £ in (34) has to be neutral for the
central charges, one can see that the results of our paper apply without modifications to the
variant formulation. Moreover, recently a new extended covariant formulation of 2D, ' = 4
supergravity in superspace was given [24]. The ectoplasm techniques to compute the chiral
action in components apply straightforwardly if one consider the geometry of [24] even if in
this case longer computations are expected due to the more involved structure of the torsion
multiplet. Other superspace formulations of 2D, N' = 4 supergravity [25] are known in the
bi-harmonic superspace of [26]. Being those superspace supergravities based on a prepotential
approach, the definition of a covariant components reduction is not clear. However, on the
ground of the related bi-projective formalism [27], recently extended to covariantly study
2D, N = 4 matter-couplet supergravity, it would be of interest and well defined to find by
using ectoplasm techniques, the bi-projective density operator analogously to the chiral action
studied here.

‘Where the senses fail us, reason must step in.’
Galileo Galilei
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Appendix A. consistency of Bianchi identities and constraints for two-form

In this appendix, we will present the explicit proof that the Bianchi identities associated with
the results in (23) imply that it is a closed 2D, A = 4 super two-form. We begin by writing an
ansatz for the lowest components of a 2D, A = 4 super two-form under the assumption that
these component should

(a) be linear in a (anti)chiral superfield U (U); V,'U = 0 (V,;U = 0),
(b) depend on the superspace supergravity covariant derivative,
(c) be local functions of the superspace supergravity field strengths B, B, G and H.

Under the previous assumptions we will begin with an ansatz given by®

Juigi = a()ap Ve T +bCopCij () VAT + Coy Ci; FU Al
wiBj =a(y )aﬂ ij + af z;(V ) y8 +Caplij , (A1)
Jaip? =0, Jo'p? = —(Juig)", (A.2)
6 The ansatz we are using can also be guessed by (i) considering the flat 4D, A" = 2 “chiral’ closed super four-form
introduced in [23]; (ii) performing a dimensional reduction of the 4D, A" = 2 super four-form to derive a 2D, N =
4 closed super two-form,; (iii) extending the resulting dimension-1 components of the flat 2D, A = 4 two-form to
the curved case by modifying the flat derivatives to the curved covariant derivatives and by adding torsion-dependent

terms.
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where
F=F(B,B,G,H)=bB+b,B+gG+hH, (A.3)

and a, b, by, by, g, h are constants to be fixed.
The task is to study the Bianchi identities that derive from the closure of the two-form J:

dJ = 0, «— 0= %V[AJBC) — %T[AB|DJD|C), (A4)
with Jag = (Jaigjs Jaip’s Jo' 87, Jykas Jy*as Jup) and the lowest components satisfying (A.1)—
(A.3).
Substituting the results of (A.1), (A.2) into the identity (A.4) with A = «i, B = §j, C =
yk one obtains
<2177 —(2) - @17
0= Cl(J/S)ﬂy [Voziv ij ]U + a(y3)ya[vﬁjs ki ]U + a(ys)aﬁ[ vk V ]U
<=2
+bChy Cit (P [Vai, Voo T +bCra Cri ) [V, Vi U
+bCusCij(y )5,0[ Vi ,sp]U +Cp,Cix(Voi F)U + Cp Cri (Vg F)U
+CopCi; (Vi F)U, (A.5)

where we have used the fact that U is antichiral to write this. At this point, there are two
useful identities to note

@ ]

[Vais Vij JU = (=2iCi(; (y)a’ Ve Vi) U (A.6)

[Vais V] = (46" (1) VeV ) T (A7)

which shows that in principle there are terms containing spacetime derivatives in (A.5). In
order to satisfy the Bianchi identity, two sets of conditions are required:

(@) a=—-2b and

(A.8)
b) bi=by=g=h=0.
For simplicity we also set
a=1. (A.9)
The next Bianchi identity encountered takes the form
0=V, Jgjpi + To' 5" Jyka + Tl i Tpja. (A.10)

The result in (A.1), subject to (A.8), (A.9), can be substituted into this equation. To satisfy
this, it is useful to use the following identities:

vaﬁ)U =—1c V" V,(j)pU
& ~v U = 1Cus V), v. T - $1BCos(r))’ ViU + 1B() s ViU, (A.11)
VU = -3’ VIV, U
Then, to completely satisfy (A.10) one has to impose

Tt = —%eab(yb)yﬂﬁpﬁ,ﬁ)v. (A.12)
Note that it holds .

I = =) = =38, Vo VOO U. (A.13)
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We can continue our deliberations by considering the Bianchi identity given by
ol (A.14)

0 = VaJgjyk + Vo Jyka + Vyrdpia = Tagi” sty = Tayi” Jorg;.
and into this are substitu_ted the results (A.1), (A.8), (A.9) and (A.12). When this is done, a
differential equation on U of the form

— Cpy Cit(y?)P V. )U

@ ! = s+
Vﬂ,(sab(y )y° V5"V U) = =V (ean (v )6° V5PV, U )

3
Csy Cu(y )mvm)ﬁ

— CypCy ()T

0= Va (Z(V )ﬁy

3

—65¢M(ya)p8(2<y3>aﬁ,k
(A.15)

i @

+ 388" ()" (20 )V

emerges. Further progress is possible by using the identity
o U = (GirasVaVyy = 3iCit(y)a"VaVy,)

{Vai. V5V, }U
T =2
+ 3CkdTs (e PPV — 3005V
vV, U (A.16)

+ 6Ci;Cos TPV ) + 6Cik (1 )as ()PP 24PV YU
This result is substituted into (A.15) and after some algebra, the X-dependent terms are seen

to cancel leaving
0= (2(/)ay Va Vg — CayCit(y )‘Spv Vs = 20rY)ay VaVig + CikCay (P )PV, Vs
— i6abps (V" ay CPV G — s (V) (Vday Vg
(2))U (A.17)

Fieap s (VD)as C¥ OV +idars (Vedas () ¥V

which is clearly identically satisfied.
There is a second dimension-2 Bianchi identity of the form

Vorda's + Ty’ 1 sl e’ + Too™®

Wsiyk + Tyka' Jep- (A.18)

0=—Vy Ty —
One may substitute from results derived prev10usly to cast this into the form of
i ( )i i ot
28, (1 oy Joe = i(2enc (), Vo' V" Vi) + B)ay V' 'k = A B8, Vo)ay )TV )T
—Vordd s+ Ty’ 1 J5' o' (A.19)
and progress is achieved in analyzing this identity by noting that it holds
S i k@77 v@irg?® it irs®
Vo' VgV U = (3CusV Vii+3 1chv,; sVii — 2B(y?)asC v,i)U. (A.20)
One other identity tells us
VeV U = —2B(y")usV,, U, (A.21)
so that (A.20) becomes
@ik ®@ i
Ve vﬂkvjk U= (5CusV "V =3By )apC pVW)U
(38//Cep VNV, = 3B(y))esCPV )T
(A.22)

i =@ i
= (38,/CupV "~ —3B(y*)esC’ Pv,,j )U,
where on the first term we have used a sequence of identities (see also the final appendix)
The final line of (A.22) can now be substituted into (A.19) to yield after a bit of algebra

(2))U
(A.23)

. oi c . c i_(4) i c
215/(()/ )abic = 1(_%8bc(7/ )oty(skv + %ngcak(y )ay(V )'Dr

. [
—Vordod' s+ Ty’ 1Js o'

10
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Finally this equation informs us that
Jab = €ap(—3 VA IB(y 3)“ﬂv )U+hc (A.24)

There remains one final Bianchi identity of the form
0= Vaidse = Voduic + Veduin + Tain” Ipe + Taic” Job = Toe Jstai,
0= (Vi Jab + 2Vadpai — 2Twia" Jsis — 2Twia’ 195 s — Tap® Tstaii)-

To prove that this identity is satisfied requires a calculation of some length. The key to its
satisfaction requires one final identity

(A.25)

=@ - 8i S 5@ o =
[Vai. V10 = (—g(y )o’VaV PV, = 8iBepe (")’ ViV

8 — — —
+ §¢ayvyﬂvﬁ) + sza’vff)> U (A.26)

that is valid for the supergravity covariant derivative acting on an antichiral scalar superfield
such as U.

Other Bianchi identities, not explicitly mentioned here, are identically solved by complex
conjugation of the results obtained in this section.

Appendix B. Miscellaneous identities

For the reader’s convenience, here we also collect some useful formulas used in the derivations
provided in this paper and especially in appendix A (we recall that U is antichiral)

T T Jj (2)[ 1 i._(z) ii ii
Vo'Vgl = 5c sV 4+ SCVqs + BCoypCI M — B(y?)ap V", (B.1)
[Vai. V3o ]U = —2iCi(;(r)a’ VeVt U, (B.2)
2) . = = =
[Vai. Vs, |U = (—21<y6>a<avcvp),- — G)as(r) ) Vyi + GCo(sV )i
i — i — ) — \—
- EHca(s(y3)p>’vn» + 5H<y3>a<svp>,- - 1H(y3>spva,->U, (B.3)
)1+ . be = 77
(Vi )PV, U = —4ie™ (7)o" V Vi U, (B.4)
— 1
VaiVi U = ~3Ci Ve rVenU, (B.5)
2= 1 —2— 4 W oss 7, L 3N 9 77
V“lvﬁyU = 3Ca(,3Vy) V U — 3Bca(/3(]/ )}/) VgiU + EB()/ )(aﬁV},);U, (B6)
2 () —
VT T = =20V, T, B.7)
V' VOT = V'V T + 4B, V5 U, (B.8)

(Ver, Vs’V JU = <3i<y“)aavﬁf — 3iC (e’ VoV,
3 —(Q2) =2
+ Ec,-mfs(ﬁ)m(ﬁ)pﬁv — 3as Vi
+6Ci;Cos PPV 5, + 6Cik (¥ )as (V)P wm)ﬁ, (B.9)

11
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VeV U = 2BV, U, (B.10)
VOITIT = VUV - 4BGHPVU (B.11)
_ 1
VYT = —3V(2)“V(2)U (B.12)
@ 3 ) i \77
Vo' VgV U = (anﬂsjv —3B(y*)upV »)U, (B.13)
Vo (V7 2B VLT =0, (B.14)

4y — 8i o _
[V, VT = (——’(y”)fvcvﬁ"vg) — 8iBe” (Va)a’ Vo Vi

+8E,IV 4 2 ¢ v "V(Z)>U (B.15)

By complex conjugation, the reader can derive an analog set of equations for the chiral
superfield U.
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